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1 Taylor polynomials of 
small degree 


Exercise 1 


(a) Find the constant Taylor polynomial 
about 0 for the function f(x) = e~*. 


(b) Use this polynomial to write down 
approximations for e~°! and e~9-!. Use 
your calculator to find the value of the 
associated remainder to five decimal 
places. 


Exercise 2 


(a) Find the constant Taylor polynomial 

about 1 for the function 

1 
r)= . 

F(z) 14+2 
(b) Use this polynomial to write down 

approximations for — and T In each 
case, use your calculator to find the value 
of the associated remainder to 
five decimal places. 


Exercise 3 


(a) Find the linear Taylor polynomial 
about 0 for the function f(x) = e`”. 


(b) Use this polynomial to find 
approximations for e~°! and e7™®°1, In 
each case, use your calculator to find the 
associated remainder to five decimal 
places. 


(c) How do these remainders compare with 
those found in Exercise 1(b)? 


Exercise 4 


(a) Find the linear Taylor polynomial 
about 0 for the function 


F(z) = (4 - x)”. 


(b) Use this polynomial to find an 
approximation for 3.981/7, and use your 
calculator to find the value of the 
associated remainder to eight decimal 
places. 


Exercise 5 


Find the linear Taylor polynomial about 1 for 
the function f(z) = e`”. 


Exercise 6 


Find the linear Taylor polynomial about 2 for 
the function 


Exercise 7 


Find the quadratic Taylor polynomial about 0 
for each of the following functions. 


(a) f(z)=e°™ (b) f(x) = sin(32) 


Exercise 8 


(a) Find the quadratic Taylor polynomial 
about 0 for the function 


f(x) = x cos z. 


(b) Use this polynomial to find an 
approximation for f(0.01), and use your 
calculator to find the value of the 
associated remainder to eight decimal 
places. 


Exercise 9 


Find the quadratic Taylor polynomial about 1 
for each of the following functions. 


(a) f(z)=e* (b) f(z) ="? 


2 Taylor polynomials of 
any degree 


Exercise 10 


(a) Find the quartic Taylor polynomial 
about 0 for each of the following 
functions. 


G) Fle) = cos(2a) 
Gi) se) =m) 


1l+a 


(b) (i) Observe the pattern of successive 
derivatives found in part (a)(ii) and 
use this to write down a formula for 
the nth derivative of 
f(z) =In(1/(14+ 2z)), when n > 0. 
You may find it helpful to first find 
further derivatives beyond the 
fourth. 


(ii) Hence write down a formula in terms 
of n for f™(0), the value of the nth 
derivative of f at 0. 

(iii) Hence write down, using the +--+ 
notation, a formula for the Taylor 
polynomial of degree n about 0 for f. 


Exercise 11 

(a) Find the cubic Taylor polynomial about e 
for the function f(x) = ln z. 

(b) Find the quintic Taylor polynomial 
about a for the function f(x) = cos z. 


Exercise 12 

Given that, for each positive integer n, the 
Taylor polynomial of degree n about 0 for the 
function f(x) = In(1 — x) is 


1 
i a oe ae 
Palt) === 50 ge = qr a ie 


find the likely value of In(0.95) to four 
decimal places. 


3 Taylor series 


Exercise 13 


The Taylor polynomials of even degree 
about 0 for the function f(x) = cos(2z) are 


po(x)=1, pe(x) =1— 5 (20), 
oe = (22)? 4 = (20), 
lay = (22) + 5 (20)4 7 = (22)°, 


and so on. 


Use these Taylor polynomials to find the 
likely value of cos(0.2) to four decimal places. 


3 Taylor series 


Exercise 14 


Find the first four terms of the Taylor series 
about 0 for the function f(x) = vz + 4. 


Exercise 15 


(a) Find the Taylor series about 1 for the 
function f(x) = 1/x, writing down 
enough terms to make the general pattern 
clear. 


(b) Explain the pattern in words. 
(c) Show that the series can be simplified to 
give 
f(z) =1+(1—2)+ (1-2)? 
+1- r) +. 


Exercise 16 


Write down the first four terms of each of the 
following sums and hence identify the 
function whose standard Taylor series about 0 
the sum represents. 


œ ¢__4)\n-1 
w) On 


n=1 


(a) x” 
0 


n= 
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Exercise 17 


Use the binomial series to find the Taylor 
series about 0 for each of the following 
functions. (Write down enough terms to make 
the general pattern clear.) In each case, state 
an interval of validity for the series. 


(a) f(z) = (1+2)? 


(c) f(e) = (1+2) 


Exercise 18 


Use your answer to Exercise 17(c) to find the 
likely value of 0.971/4 to two decimal places. 


4 Manipulating Taylor 
series 


Exercise 19 


By substituting for the variable in a standard 
Taylor series, find the Taylor series about 0 for 
each of the following functions. In each case, 

determine an interval of validity for the series. 


: (b) f(x) = sin(42) 


(c) f(x) = cos(x?) 


Exercise 20 


By rearranging as necessary, use the binomial 
series to find the Taylor series about 0 for 
each of the following functions. In each case, 
determine an interval of validity for the series. 


1 
(a) f(z) = (+ 222 


1 
(da) f(x) = Qa 


Exercise 21 


(a) Use the binomial series to find the Taylor 
series about 0 for the function 
f(z) = (1+ 2)”. 


(b) Use your answer to part (a) to find the 
Taylor series about 1 for the function 
f(x) = «'/?. Determine an interval of 
validity for this series. 


Exercise 22 


Replace each occurrence of x by x + 7/3 in 
the Taylor series about 0 for the cosine 
function. For what function is the resulting 
series the Taylor series, and what is the centre 
of this Taylor series? 


Exercise 23 


(a) Sketch the graph of each of the following 
functions over at least the interval from 
—r to m. Use your graph to determine 
whether the function is an odd function, 
an even function or neither an odd nor 
even function. 


(i) f(x) = cos($z) (ii) f(x) = sing 

(b) Use the standard Taylor series about 0 for 
cosx and sin z to find the quartic Taylor 
polynomial about 0 for each of the 
functions in part (a), and check that it is 
as you would expect from your answers to 
part (a). 


Exercise 24 
(a) Show that 


In(2+a) =In2+In(1+ $2). 


(b) By using your answer to part (a) and 
substituting for the variable in a standard 
Taylor series, find the Taylor series 
about 0 for the function f(x) = ln(2 + 2). 
Determine an interval of validity for this 
series. 


4 Manipulating Taylor series 


Exercise 25 


By rearranging as necessary, and using the 
standard Taylor series about 0 for 1/(1 — 2), 
find the Taylor series about 0 for each of the 
following functions. In each case, determine 
an interval of validity for the series. 


Exercise 26 


(a) The Taylor series about 0 for 
ln((1 + x)/(1 — x)) is 


14+2 
in(>**) = 2r + fr? + 20° 4---. 


Use this series to find the Taylor series 
about 0 for the function 


ræ =n), 


(b) Use the series in part (a) to find an 
expression for 


1l+a l-z 
ln + In ‘ 
l-r 1+ 


Justify your answer using logarithm laws. 


Exercise 27 

Find the Taylor series about 0 for each of the 
following functions, giving the first four 
non-zero terms. In each case, state an interval 
of validity for the series. 


(a) e” + cos z (b) (1 — x)sinz 


(c) (1+ z)’e” 


Exercise 28 


(a) Use the standard Taylor series about 0 for 
e” to find the Taylor series about 0 for 
eT, 

(b) Use the fact that e?” = e? x e? and 
multiplication of the standard Taylor 
series about 0 for e” to confirm the first 
four terms of your answer to part (a). 


Exercise 29 


(a) Use the standard Taylor series about 0 for 
cos x to find the first three terms of the 
Taylor series about 0 for the function 


f(x) = cos? z. 


(b) Use your result from part (a) to find the 
first three terms of the Taylor series 
about 0 for the function 
f(x) = 2 cos? x — 1. 


(c) Show that your answer to part (b) is 
consistent with the Taylor series about 0 
for cos(2x). 


Exercise 30 

(a) By differentiating the standard Taylor 
series about 0 for In(1 + z), find the 
Taylor series about 0 for the function 

1 
f(x) = —— 

(b) Use your answer to part (a) to find the 

Taylor series about 0 for the function 


1 
Determine an interval of validity for this 
series. 
Exercise 31 


(a) Find the Taylor series about 0 for the 
function f(x) = (1 + x)". 


(b) Integrate your answer to part (a), and 
compare it with your answer to 
Exercise 21(a). 
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Exercise 32 


The binomial series can be used to show that 
the Taylor series about 0 for 1/(1 + 2)? is 
1 

(l+2)? 

for -l<a<l. 


=] — 2g + 3x? — 4r? + 5gt —.-.-. 


(a) Use differentiation to find the Taylor 
series about 0 for the function 


1 
S= 


(b) Use integration to find the Taylor series 
about 0 for the function 


Solutions to exercises 


Solution to Exercise 1 
(a) Since f(0) = e7? = eœ = 1, the constant 
Taylor polynomial about 0 for f(x) = e7” 
is p(x) = 1. 
(b) The approximation for e~°-! given by p is 
p(0.1) =1. 
The corresponding remainder is 
f(0.1) — p(0.1) = e” — 1 
= —0.09516 (to 5 d.p.). 
Similarly, the approximation for e~ 9-1 
given by p is 
p(0.01) = 1. 
The corresponding remainder is 
f (0.01) — p(0.01) =e °" — 1 
= —0.009 95 


Solution to Exercise 2 
(a) Since f(1) = 1/(1 + 1) = 4, the constant 
1 


Taylor polynomial about 1 for 
f(a) =1/(. + z) is p(z) = 3. 
(b) We have 
1 1 
— = = f( LL): 
2.1 tA PU 


Therefore the approximation for = given 
by p is 

p(1.1) = $. 
The corresponding remainder is 


fa) -pdl=A-4 


= —0.02381 (to 5 d.p.). 
Similarly, we have 
1 1 
1.9 1+0.9 a) 


Therefore the approximation for am given 
by p is 

p(0.9) = 5. 
The corresponding remainder is 


f(0.9) — p(0.9) = $- 3 


= 0.02632 (to 5 d.p.). 


(to 5 d.p.). 


Solutions to exercises 


Solution to Exercise 3 
(a) We have f(x) = e7”, so, by the chain 
rule, 
f(c) = —e™. 
Hence 
f0) =e =1 
and 
f'(0) = -e = -1. 
Therefore the linear Taylor polynomial 
about 0 for f(x) = e77 is 


P(x) = f(0) + f'(0)e =1- rz. 


—0.1 


(b) The approximation for e given by the 


linear Taylor polynomial p is 

p(0.1) = 1 — 0.1 = 0.9. 
The corresponding remainder is 

f(0.1) — p(0.1) = e™™t — 0.9 

= 0.00484 (to 5 d.p.). 

Similarly, the approximation for e7®-°1 
given by the linear Taylor polynomial p is 

p(0.01) = 1 — 0.01 = 0.99. 
The corresponding remainder is 


f (0.01) — p(0.01) = e~ °°" — 0.99 
= 0.00005 (to 5 d.p.). 

(c) The remainders found here have a much 

smaller magnitude than the remainders 

found in Exercise 1(b). The linear Taylor 

polynomial about 0 for f(x) = e7” 

provides a much better approximation for 

the values of e~°-! and e~°-°! than the 

constant Taylor polynomial. 


Solution to Exercise 4 
(a) We have f(x) = (4—2)'/?, so 
f'(@) = 3 (4-2)? x (-1) 


eet 
2(4 — x)1/2° 
Hence 
f(0) = (4-0)? =2 
and 
O=- =- 
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Therefore the linear Taylor polynomial Solution to Exercise 7 
about 0 for f(x) = (4—2)'/? is (a) We have f(x) = €2", so 
p(x) = f (0) + f'(O)x f'(x) = 2e2% and f" (x) = 4e2, 
=2- $x. 
Hence 
b) We h 
PE f0)=e=1, f'(0)=28=2 


03? = (4 — 0.02)! = f (0.02). 
3.98 (4 — 0.02) £(0.02) a 
Therefore the approximation for 3.981/2 O) = eb 4 
given by the linear Taylor polynomial p is 7 = 
| O Therefore the quadratic Taylor 
MOA = A polynomial about 0 for f(x) = e°” is 


To eight decimal places, the remainder is 
i i p(x) = f(0) a 


f (0.02) — p(0.02) = 3.981/? — 1.995 =f 4 Oa? 
AN (b) We have f(x) = sin(x), so 

Solution to Exercise 5 f(x) = 4cos(42) 
We have f(x) = e7”, so and 

f(z) =-e™. f" (x)= —ż4sin(4x). 
Hence Hence 

fa) =e! == f(0)=sin0=0, f’(0) = 4cos0 =$ 
| and 

E f” (0) = —ż4sin0 = 0. 


e Therefore the quadratic Taylor 


polynomial about 0 for f(x) = sin(42) is 


p(x) = f(0) + f'(O)x + 3f” (Ox? 


Therefore the linear Taylor polynomial 
about 1 for f(x) = e77 is 


p(w) = f(1) + F'(1)(z - 1) 


1 1 =0+52+0 
=--—-(x—1 

e 7 ) = ix. 
2 4 
<a Solution to Exercise 8 


(a) We have f(x) = xcosz, so, by the 


Solution to Exercise 6 
product rule, 


We have f(x) =1/(1+ 2) =(1+ 2)“, so f'(x) = cosg — z sin x 


il 
'“e) = —(1 os ery 
Hence f” (x) = -sing — (sing + x cos x) 
1 i = —2 sin T — T COS T. 
f@=— =! 
1+2 Hence 
ad f(0) = 0 x cos0 = 0, 
ro) =-=- 
(1+2)? : f'(0) = cos0 — 0 x sin 0 = 1 
Therefore the linear Taylor polynomial and 


about 2 for f(z) = 1/(1 + x) is 


p(z) = f(2) + f'(2)(z — 2) 
(x — 2) 


f” (0) = —2 x sin 0 — 0 x cos0 = 0. 


colot wle 


Therefore the quadratic Taylor 
polynomial about 0 for f(x) = x cos x is 


p(x) = f(0) + f'(O)x + 3f” (O0)a? 


(b) The approximation for f(0.01) given by 
the quadratic Taylor polynomial p is 


p(0.01) = 0.01. 
To eight decimal places, the remainder is 


f (0.01) — p(0.01) = 0.01 cos(0.01) — 0.01 
= —0.000 00050. 


Solution to Exercise 9 
(a) We have f(x) = e°”, so 


f'(w) =2e?* and f(x) = 4e”. 
Hence 

f(l)=e*, f'A) = 2c? 
and 

f'A) = 4e?. 


Therefore the quadratic Taylor 


polynomial about 1 for f(x) = e°” is 


p(x) = f(1) + rue- 1) + 3 Me 
= e + 2e? (x — 1) + 2e?(x — 1)?. 
(b) We have f(x) = x'/?, so 


/ 1 1 1 
f (=)= za ond f (x) = E 
Hence 
f=1, f= 5 and f"(1)=-3. 


Therefore the quadratic Taylor 
polynomial about 1 for f(x) = x'/? is 
p(x) = FQ) + f/O@-1) + sf" - 1)? 


=1+$(x-1)- }(a—- 1). 


Solution to Exercise 10 


(a) To find the quartic Taylor polynomial 
about 0 for any function f(x) we need to 
evaluate f(0), f’(0), f”(0), f(0) and 
FOO). 


(i) For f(x) =cos(2x), we have: 


f(x) = cos(2z), f(0) = 1; 
f(x) =—2sin(2x),  f’(0) = 0; 
f(z) = —4cos(2x), f”(0) = —4; 
fO(x) =8sin(2z), f(0) =0; 
f(x) = 16 cos(2x), f(0) = 16. 


Solutions to exercises 


Therefore the quartic Taylor 
polynomial about 0 for 
f(x) = cos(2x) is 


2! 
PO) a AOO a 
x 7 a 
4, 16, 
ae ae 
= 1-227 + 224 
(ii) To make the differentiation easier, 
note that 
fa= n( 5) = —ln(1 + z). 
Thus we have: 
f(=)=-ln(1 +z),  f(0) = 0; 
1 

(x) =— (0) =-1 

f@=- FOs- 
1 

/ = 1 — 1: 

Pea=gmp (0) =1 
2 
Oe) =- £10) = 2 
6 

(4) (x) = (4)(0) =6. 

Fe) = Gra FOON 


Therefore the quartic Taylor 
polynomial about 0 for 


f(x) = In(1/(1 + 2)) is 


= —T + ir? — ir? + $x". 
The first four derivatives of 

f(x) = In(1/(1+ @)) found in part 
(a)(ii) can be written as 


0! 
f'(x) = 1 +r 
it 1! 
£0) = aa 
2! 
fO (x) m (1+ 2)3’ 
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The nth derivative of f will be 
— 1)! 
OYAR ETAG 1)! f 0 
f™ (x) = (-1) +a)" orn > 0. 
(The expression (—1)” produces the 
alternating signs.) 
(ii) By putting x = 0 in the formula for 
f™ (x), we obtain 


Gir 2 n(n-—1)! 
fr) = (yr 
= (-1)"(n—-1)!. 


(iii) Hence the Taylor polynomial of 
degree n about 0 for 


f(z) = In(1/(1 + 2)) is 
f” (0) 


pla) = f(0) + f'O)a + Sa 
(3) (0 (n)(Q 
4290 8 png IPOs 
3! n! 
= l 2 2 3 
= THT 317 
ee ee 
eae n! 
= =r + $27 — 32° 
n 


Solution to Exercise 11 


(a) The cubic Taylor polynomial about e for 
a function f is given by 


p(x) = Fle) + Fela —e) + Lee? 
f(e) r— e)’ 
3! 
We have: 

faj=lnz; Jle] =me=f; 
f@=-, MO=5 

Mal=-y PO=-3 
a= f@Q=5 


10 


Therefore the cubic Taylor polynomial 
about e for ln x is 


pla) = 14 (ee) - gale) 
+ zal) 
=1+Ż(s-e)- s5(e-e? 
t-e 


(b) The quintic Taylor polynomial about 7 
for a function f is given by 


=f a 


2! 
(5) 
+ f w (x= r). 
We have: 
f(x) = cos x, f(r) = -1; 
f(z) =—sina, — f'(7) =0; 


f"(@)=—-cosx,  f"(r) = 1; 
fO(xz) =sinz, f(x) =0; 
O(a) = coss, — f(n) = —1; 
f(z) = sina, f(r) =0. 


Therefore the quintic Taylor polynomial 
about a for cos x is 


p(z) = — 
= -1+ 4(x- r) — lz- rT)Î. 


Solution to Exercise 12 


We have In(0.95) = In(1 — 0.05) = f (0.05). 
Using the given Taylor polynomials 


1 
= T2 T3 1,4 n 
Pin (2) = E zt zt qu mg ao ; 


and calculating values to six decimal places, 
we obtain 
pı (0.05) = —0.05 
p2(0.05) = pı (0.05) — $(0.05)? 
= —0.051 25 
p3(0.05) = p2(0.05) — 4(0.05)° 
—0.051292 (to 6 d.p.) 
p3(0.05) — (0.05)* 
= —0.051293 (to 6 d.p.) 
ps(0.05) = p4(0.05) — £(0.05)° 
= —0.051293 (to 6 d.p.). 


p4(0.05) 


The values of p4(0.05) and p;(0.05) agree to 
six decimal places, so it is likely that 


In(0.95) = —0.0513 
to four decimal places. (A calculator shows 
that this is indeed the case.) 
Solution to Exercise 13 


We have cos(0.2) = cos(2 x 0.1) = f(0.1). 
Using the given Taylor polynomials, and 
calculating values to six decimal places, we 
obtain 


po(0.1) = 1 
1 
p2(0.1) = po(0.1) — a? x 0.1)? 
= 0.98 


1 
pa(0.1) = po(0.1) + 7? x 0.1) 
= 0.980067 (to 6 d.p.) 

1 
pe(0.1) = pa(0.1) — a x 0.1)® 
= 0.980067 (to 6 d.p.). 


The values of p4(0.1) and pg(0.1) agree to six 
decimal places, so it is likely that 


cos(0.2) = 0.9801 
to four decimal places. (A calculator shows 
that this is indeed the case.) 
Solution to Exercise 14 


To find the first four terms of the Taylor 
series about 0 for f(a) = Vz +4 = (x + 4)! 
we need to evaluate f(0), f’(0), f’(0), 

f° (0). We have: 


fla) = (e442, (0) = 44 
/ — 1 / = 1 
Te = zgr TOS 7 aR 
ad 
A — 1 A — 1 
Pt) Tatas J (0) = xa 
= F 
3 3 
PO) = 8(a ma 4)5/2’ f° (0) = 8 x 45/2 


Solutions to exercises 


Therefore the Taylor series about 0 for 


f(z) = Vz2+4is 


"(o 3) (0 
ay 3 
4 2! 3! 


= eee ye ee ae el 
= 24 gu gt + at + : 


Solution to Exercise 15 


(a) To find the Taylor series about 1 for 
f(x) = 1/z, we need to evaluate f(1), 


FP, F'O), fF), .... We have: 
a= JMi 
Pe)=-5 F=- 
ra= P= 


Oa) =- FOC) = 6. 


Therefore the Taylor series about 1 for 


f(x) = 1/x is 


fay+ aa a 
fa 
| A Me 1)? +. 
2 2 
=1-(@-1)+ 5-1) 
6 
aa ee 
=1-—(#-1)+(«¢£-1) 
—(z—1)?+---. 


(b) The terms in the Taylor series are terms 
in increasing powers of x — 1. When the 
power of x — 1 is odd, the sign of the term 
is negative and when the power of x — 1 
is even, the sign of the term is positive. 


(c) By taking the appropriate power of —1 
from each bracket this Taylor series can 
be rewritten as 


f(x) =1-(-1) -—2) +(-1)(1- 2)? 
54 
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Solution to Exercise 16 


(a) Sat aa ta tartar te. 
n=0 
=1+r +r tr? H. 


1 
“Izr for-—l<a<l. 
ee gf a Aa 
HÈ mr" = Tr to 
eia (D8 , 
F 3 uo + 1 + 


4 


=g $x’ + ha — irto 


=ln(1 + z), 
for-—l<a<l. 


Solution to Exercise 17 


(a) Taking a = 3 in the binomial series gives 


3x2 3x2xl1 
(1 +r)? =1+ 32 + = r? L 7 

2! 3! 
3x2x1x0 ; 
c i 

4! 
3x2x1x0 —1 
e NA e 


5! 
=1 + 3r +32 +z. 
This Taylor series is valid for x € R. 
(b) Since 1/(1 + x)* = (1+2)~+4, we take 
a = —4 in the binomial series, to give 


1 (—4)(—5) 2 
4a > 1+ (—4)z + —s 


4! 
= 1 — 4g + 10x? — 20x? 
+352- 


This Taylor series is valid for —1 < x < 1. 


12 


(c) Taking a = —ż in the binomial series 
gives 
—1)\(_s5 
(tay 214 (2244 a) a) 2 
CE 
pue 
DEDDOP 4 
rr aa 
+.. 
alonte 
5x9 3 
43 x 3! 
5x9x13 4 
4x4 


This Taylor series is valid for —1 < x < 1. 


(The coefficients of the terms of the 
Taylor series here have been left in a 
simplified but unevaluated form, to make 
the general pattern clear.) 


Solution to Exercise 18 


We have 0.971/4 = (1 + (—0.1))= 1/4. Using 
the series from the solution to Exercise 17(c), 
and calculating values to four decimal places, 
we obtain 


pı(—0.1) = 1 — 4(—0.1) 
= 1.025 


p2(—0.1) = pı(—0.1) + (oa)? 


42 x 2! 
= 1.0266 (to 4 d.p.) 
5x9 3 
p3(—0.1) = pe(—0.1) — pa oh) 
= 1.0267 (to 4 d.p.) 
5x9x 13 i 
pa(—0.1) = p3(—0.1) + “ua 6 oY 


= 1.0267 (to 4 d.p.). 


The values of p3(—0.1) and p4(—0.1) agree to 
four decimal places, so it is likely that 


0.971/4 = 1.03 


to two decimal places. (A calculator shows 
that this is indeed the case.) 


Solution to Exercise 19 
(a) The Taylor series about 0 for 1/(1 — x) is 
1 
Slee te ewes 
l=g 
for —1 < x < 1. Replacing each 
occurrence of x by 3x gives 
1 


1 — 3x 


= 1 + (3x) + (32)? + (32)? +--- 
= 1 + 3z Oe + 27L? +. 


This is the Taylor series about 0 for 
1/(1 — 3x). It is valid for —1 < 32 < 1; 
that is, for -4 <zr< a 
(b) The Taylor series about 0 for sin x is 
1 E 
sing = g- zT” + aye i +: 
for x € R. Replacing each occurrence of x 
by iz gives 


sin(e) = (a) - Ge) + gG)" 


32 axal TKK” 
1 
37x 7! 
This is the Taylor series about 0 for 
sin(4 z). It is valid for x € R. 


ee oe 


(c) The Taylor series about 0 for cos x is 


ae if ig 
cosx = a +g = r TESI g 
for x € R. Replacing each occurrence of x 
by x? gives 
1 2 1 4 
3) _ 3 3 
1, 3\6 
=1-— >z + n 
2! 4! 
1 is 


This is the Taylor series about 0 for 
cos(x*). It is valid for x € R. 


(d) The Taylor series about 0 for e” is 
“=1+2+ 3 La +0 +70! + 
for x € R. h each occurrence of x 
by —a gives 


Solutions to exercises 


1 
This is the oe series about 0 for e 
It is valid for x € R. 


-T 


Solution to Exercise 20 


(a) Since 1/(1 + 2x)? = (1 + 22)~?, we take 
a = —2 and replace each occurrence of x 
by 2x in the binomial series, to give 


es _9\ (an) 4 2-3) 
(1422)? — 2 

¢§ PICIC (9993 4... 

= 1 — 4z +1227 — 32x3 +- 


This Taylor series is valid for 
—1 < 2x < 1; that is, for -4 LEL 5. 


(b) Since 4/1 — $a = (1 + (-4 x)), we 


take a = ł and replace each occurrence of 


x by —įx in the binomial series, to give 


1 iya aa] 1,,\2 
yl-3@=1+9(-32) + n) 


1(-2)(-3) 


1 3 
+e a) te 

ee ee ee ae 

= 1 t- zt — pa 


This Taylor series is valid for 
-l< -4r < 1; that is, for —3 < —z < 3, 
or equivalently for —3 < x < 3. 

(c) Since (2 + x)* = 24(1 + 15)", we take 
a = 4 and replace each occurrence of x 
by 42 in the binomial series, to give 


2 
4x3 
+a) = 2 (14 4(4x) + EE Go) 
4x3x2 3 
p EE (ha) 
4x 3x2 x1 4 
4 ER (de) 


ae at) 


5! 
= 24(1+4+ 20 + 32? + $a° + 42%) 
= 16 + 32a + 24x? + 823 + a7. 


This Taylor series is valid for « € R. 


(A simpler way to expand (2+ 2)? is to 
use the binomial theorem.) 
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(d) Since 
1 1 1.\-3 
fa) = Ga ap = ge * (h— 22) ; 
we take a = —3 and replace each 


occurrence of x by -4r in the binomial 
series to give 


oF = z(t + (—3)(—$2) 


(=3)(-4) 1,32 
t 21 (=37) 
(=3)-4)(—5) oa a8 
1 
=a rt tra) 
ee E E 
Sgta ta tg Fo 


This Taylor series is valid for 
-1 < -4x < 1; that is, for —2 < —x < 2, 
or equivalently for —2 < x < 2. 


Solution to Exercise 21 


(a) Taking a = 4 in the binomial series gives 


(l+2)'/?=1 


+ 
n 
+ 

N 


3! 
— 1 e e E 
for =l << i: 
(b) We can use the fact that 
(1+ (z- 1) = r12, 


so replacing each occurrence of x by x — 1 


in the Taylor series about 0 for (1 + x)!/? 
gives 
a? =14+4(@-1)-}(x-1) 


+ 4(@-1)%---: : 
This is the Taylor series about 1 for 
f(x) = 21/2. The interval of validity is 
—] <x— 1< l; that is, for 0 < x < 2. 


Solution to Exercise 22 


Replacing each occurrence of x by x + 7/3 in 
the Taylor series about 0 for the cosine 
function gives 


T il T\ 2 
cos(a + 5) =1- (2+5) 
1 Tt 
Ca ee 
for x e R. 


This is the Taylor series for the function 
f(z) = cos(x + 7/3), with centre —7/3. 


Solution to Exercise 23 


(a) (i) The graph is as follows. 


= 


T 
2 


This graph is unchanged under 
reflection in the y-axis, so 
f(x) = cos($x) is an even function. 


(ii) The graph is as follows. 


yY e 
‘ y= snr 
D 
T T > 
-r T 1 T TE 
2 2 2 


This graph is unchanged by a 
rotation through a half-turn about 
the origin, so f(x) = $ sin x is an 


2 
odd function. 


(b) (i) The quartic Taylor polynomial 
about 0 for cos x is obtained by 
truncating the Taylor series, to give 
plz) =1—$a* + dat. 

Replacing each occurrence of x by 
$x gives the quartic Taylor 
polynomial about 0 for cos($2), 
which is 

plz) =1- ir? + sq". 

This polynomial contains only even 
powers of x, as expected for a Taylor 
polynomial for an even function. 


(ii) The quartic Taylor polynomial 
about 0 for sin æ is obtained by 
truncating the Taylor series, to give 


I 3 i3 
plz) =r- zT =g- 3T”. 
The quartic Taylor polynomial 


about 0 for ising is therefore 


$p(2) = ix = pr. 


This polynomial contains only odd 

powers of x, as expected for a Taylor 

polynomial for an odd function. 
Solution to Exercise 24 


(a) Factorising and using a logarithm law 
gives 


In(2 + x) = In(2 (1 + $2)) 
=]n2 + In(1 + 42) f 
(b) The Taylor series about 0 for In(1 + x) is 
a— $x? + ir? rtt : 


for —1 < x < 1. Replacing each 
occurrence of x by ix gives 


Il 
P a 
Nile 

8 
SS 

l 
Nile 
—— 
NIF 

8 
NS 
N 

+ 
wl—= 
——~ 
i) 

8 
Sana 
w 


In(1 + $2) 


| 
l 
& 
| 
l 
8 


The Taylor series about 0 for In(2 + x) is 
therefore 


In(2 +x) =In2+ $x — įr’ + ha’ 
== aut + naa y 
It is valid for —1 < ix < 1; that is, for 
—2 <x <2. 
Solution to Exercise 25 


In each part we use the Taylor series about 0 
for 1/(1 — x), which is 

1 
1-2 


for -l<a<l. 


=l+a+a2?+a°+---, 


(a) We can rearrange f to give 


Replacing each occurrence of x by ix in 
the Taylor series for 1/(1 — x) gives 
2 1 1,.\? 1,.\3 
zz = 1+ (27) + (37) P ars 
=1+ 4r + 4r? tir? +. 
This is valid for —1 < ix < 1; that is, for 
—2 <r <2. 


(b) We can rearrange f to give 


16 8 1 
o-n le) 


Solutions to exercises 


Replacing each occurrence of x by —$2 in 
the Taylor series for 1/(1 — x) and 
multiplying the result by 8 gives 


= 8 — 4g +22? — 3 +. 


This is valid for —1 < —42 < 1; that is, 
for —2 < —ax < 2, or equivalently for 
—2< 7 < 2. 


Solution to Exercise 26 


(a) Replacing each occurrence of x by —z in 
the given series we obtain 


1— 
in( =) - 2r 2r’ 2r’ 
T 


This is the Taylor series about 0 for 
ln((1 — x)/(1 + x)). 


(b) Using these series gives 


1 1— 
ln = + In = 
l1- 1+ 
= (2x + 22° + r” +) 


+ (—2x Zr’ Zr” <) 
=0. 


This is because 

1 
n(7**) = In(1 + x) —In(1 — x) 
and 
in = E at 
igal" x) — ln vale 
which give 
In lr si l-r 

l=g Lpg 
= In(1 + x) — ln(1 — x) 


+ln(1 — x) — ln(1 + x) 
= 0. 
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Solution to Exercise 27 
(a) We have 


1 1 1 
Ola bee Ha, 


3! 4! 
for x € R, and 


_ l o d l-g 
coss =l- z7 + ae -3 +e, 
for x € R. Hence 


e” + cosg 


1. a 4 
Hane s 


=2 +g + ir? + partt, 


for x E€ R. 
(b) We have 
1 1 1 
Suga E ee , 
for x € R. 


Multiplying both sides of this equation by 


1 — z gives 


for x ER. 


16 


(c) We have (1+ 2)? =14+ 224 27, and 


zT] 1 2 1 3 
e = a ta aes 


for x € R. Hence 


(1+ 2)?e” 

= (1+2 + 2°) 
1 I a 1% 
trt © a ape es 


= (1 1 2 1 3 
= Pe pe + aye i 


1 2 1 3 
+20 (142452 ae +) 


1 1 
+a’ (1404 504+ iat) 


—([1 1 2 1 3 
= 7 T ta” Par 


+ (204 or oe + at +) 


1 1 
2y m3 4 5 
+(e +2 + aye > ay +) 
= 1+3 + $274 Brt, 
for x E€ R. 


Solution to Exercise 28 


(a) The Taylor series about 0 for e” is 

l 3 l a4 

3” + A” sere ty: 
for x € R. Replacing each occurrence of x 


by 2x we obtain the Taylor series about 0 
for e”: 


x 1 2 
e = Peto + 


e = 14 (2x) + (22)? + +(22)° 


2! 3! 
1 on)! 
tr r) pe 
22 6 93 3 94 j 
=1+2r+ 3% ta tI” pos 


= 1 +2g +2? + $r? + 2r +-, 
for x E€ R. 


(b) Using e?” = e” x e”, and ignoring all 
terms that lead to fourth or higher 
powers of x, we obtain 


e” x e” 
mE 1 1 2 1 3 
= Tera + ae EMA 


1 t 2, 1,3 
x trt + 3% Saas 


a 1 2 1 3 

=i(1+2+ġe ta +) 
1 2 

+2 l+r+ 52 Aes 


1 
+5 (+r) 


2! 

1 3 
=i 1 2 1 3 
=(lte+ se ta t 


=1+2r + 207+ frt, 


for x € R. This is the Taylor series 
about 0 for e?”, which agrees with the 
solution to part (a). 


Solution to Exercise 29 


(a) The standard Taylor series for cos x is 
= l 2 4 1l 
cose =1= ae + ay -g fees, 
for x € R. Hence, ignoring all terms that 
lead to fourth or higher powers of x, we 


obtain 
i 1 i 
Peter ee eee 
cos si Ths + ae ) 
_ 1 Fj l 4 
=1(1 z7 rae =) 
l 2 l 2 
ae (1-52 =r ) 
1 
1,2 1,4 
= (1-927 + gt" —---) 
(ha? — dat ++) 
+ (fet! =) - 
=1- 2? + izt — ; 
forx eR 


Solutions to exercises 


(b) Using the result from part (a) gives 
2cos*x—-1=2(1—27+ $24 


= 2 2 
=1- 2r" +353 


for xe R. 


(c) The Taylor series for cos(2x) can be 
obtained by replacing each occurrence of 
x by 2x in the Taylor series about 0 for 


cosx. This gives 
1 1 
cos(2”) = 1 — Hy 20)” + geo ens 
= 1-207 + rt, 


for x € R, as required. 


Solution to Exercise 30 

(a) The standard Taylor series about 0 for 
In(1 + x) is 
In(1 + z) =x — $r’ + ir’ — trt +- : 
for —1 < x < 1. Differentiating both sides 
of this equation gives 

1 

l+z 
for —1 < x < 1. This is the Taylor series 
about 0 for 1/(1 + 2). 


(A simpler way to obtain this Taylor 
series is to replace x by —2x in the Taylor 
series for 1/(1 — x).) 


Replacing each occurrence of x by 4x? in 
the series for 1/(1 + 2) gives 
1 
1+ 4x? 


=1l-g2+2?-2?+-.-.-, 


— 
Z 


=1-— (4z?) + (423) — (423 +- 
= 1 — 4r? + 16x — 647° + ---. 
This is the Taylor series about 0 for 

1/(1 + 4x7). It is valid for —1 < 4x? < 1. 


The left-hand inequality is —1 < 4z?, 
which is equivalent to 4g? > —1. This is 
true for all real x. 
The right-hand inequality is 4x? < 1; that 
is, —1 < 2x < 1 or equivalently, 

1 1 
Thus this Taylor series is valid for 
-4 <T< Z. 
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Solution to Exercise 31 


(a) Taking a = —4 in the binomial series 
gives 
—1i)(_3 
Cee ae =k (—3) 2+ ( a 2) 2 
ter ler) 
+ 2 ar 2 phe sis 
=1- $r +r’ -Žr t, 


for —1 < x < 1. This is the Taylor series 
about 0 for f(x) = (1 + 2)71/?. 


(b) Integrating both sides of the equation in 
part (a) gives 


fata da 
= f -bet ġa? Ba +) a 


that is, 


(1+2) =c+g- 4a? + tr’? iatt 


64 
where c is a constant. 


Taking x = 0 gives 2 x 11/2 = c, soc=2. 


Therefore 
2(1 + x)! 
=2 +g — {r + ir’ hat 


4 
=2(14 po a? + dhe? hatto), 
for -l<a<l. 


This is twice the Taylor series about 0 for 
f(x) = (1+ 2)!/? found in Exercise 21(a). 
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Solution to Exercise 32 
(a) Differentiating the Taylor series about 0 
for 1/(1 + 2)? gives 
a = —2 + 62 — 122? + 202° —---, 
for —1 < x < 1. Dividing both sides by 
—2 gives the required Taylor series 
1 
(1+<2)8 
for -l<a<l. 


= 1 — 3z + 627 —102°+---, 


— 
= 


Integrating the Taylor series about 0 for 
1/(1 + x)? gives 
1 
-— =c+r-r +2 gies, 
(1+ 2) 
for —1 < x < 1, where c is a constant. 
Taking x = 0 gives —1/1 = c, so c = —1. 
Therefore 
1 
-— = -l +r- +r art, 
(1+7) 
for —1 < x < 1. Multiplying both sides 
by —1 gives the required Taylor series 
1 
(1+7) 


for —1 <z <1. 


Sl gig aye +r., 


(This agrees with the answer to 
Exercise 30(a).) 


